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Introduction

S EVERAL applications including scramjet, missile, rocket, and
spacecraft may directly bene� t from further understanding the

supersonic � ow over a backward-facingstep. Research of � ow sep-
aration and reattachment at supersonic speeds is commonly con-
ducted in backward-facingstep con� gurations.Such a � ow� eld can
be described as a supersonic � ow that turns beyond the step corner
throughanexpansionfanandturnsbackto a directionapproximately
parallel to the in� ow by an obliquereattachmentshock wave. So far,
numerous studies have been used to analyze supersonic backstep
� ows.1 3 As mentioned by Venkatakrishnan,4 unstructured grids
provided� exibility for tessellatingabout complexgeometry and for
adapting to � ow features, such as shocks. An underlying premise
is that unstructured grid adaptation is far more automatable than
are the tasks associated with multiblock structuredgrid generation.
Recently, considerable effort has been made to develop solution-
adaptive techniques5 9 for solving the Euler/Navier–Stokes equa-
tions on unstructured meshes. By using the two-step Runge–Kutta
Galerkin � nite element method and a local remeshing technique,5 a
shockpropagationwithina channelwas investigated.From the time-
varyingmeshesdirectionallystretchedelementsweredemonstrated.
Webster et al.6 developed an adaptive � nite element methodology
in which the � nite quadtree mesh generator, interpolation-based
error indicator, and edge-based mesh enrichment procedure were
employed. On the quadrilateral-triangular mesh system Hwang and
Fang7 chose the magnitude of density gradient as an error indica-
tor to perform the unsteady � ow calculations,whereas Yang8 took
advantage of the absolute value of substantial derivative of Mach
number as an error indicator to study oscillating cascade � ows.
The purpose of this work is to present a solution-adaptive solver
to investigate the supersonic � ow over a backward-facing step on
mixed quadrilateral-triangular mesh. The Euler equationsare solved
in the Cartesian coordinate system. This solver includes the locally
implicit scheme,9 two-level re� nement procedure,7 and a modi� ed
error indicator.

Adaptive-Mesh Algorithm
The present adaptive algorithm includes the error indicator and

two-level re� nement technique.On quadrilateral-triangular meshes
magnitude of density gradient7 ½ was employed as the error in-
dicator to calculate the shock propagation in a channel,whereas the
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absolute value of substantialderivativeof Mach number8 DM=Dt
was chosen to capture the unsteady wave behavior and vortex-
shedding phenomena. In the present calculations the steady solu-
tion is � rst achieved on the initial nonadaptive grid. According to
the initial grid and steady solution, the adaptive mesh is accom-
plishedusing the error indicatorand two-level re� nement technique.
Considering the supersonic � ow over a backward-facing step, two
mesh re� nements are accomplishedby choosing ½ and M as
error indicators, respectively. It is found that neither of these two
error indicators is capable of capturing the structure of the backstep
cornervortexand expansionwave precisely.To capture the structure
of the backstepcorner vortex, the magnitudeof gradientof vorticity
magnitude ! (! X V , vorticity magnitude) is implemented
as theerror indicatorto reperformthemesh re� nement.Accordingto
the re� ned mesh, the structure of backstepcorner vortex is captured
clearly.However, it cannotcapture the oblique shock and expansion
wave behavior.Therefore, a modi� ed error indicatoris developedto
capture the structureof backstepcornervortex, oblique shock wave,
and expansion wave simultaneously. This modi� ed error indicator
EI can be written as follows:

EI
P

P max
¯

!

! max

(1)

where P max and ! max are the maximum values of P and
! among the computational cells. ¯ represents the weighted

coef� cient and is chosen as 2.0. Because the order of magnitude
of ! outnumbers that of P , it is essential to adjust both at
the same order. Hence, P and ! are divided by P max and

! max , respectively.
As for the two-level re� nement technique, the value of EI of each

unre� ned cell is � rst calculated.The product of a speci� ed constant
C1 and the average value of EI over the initial grid is selected as
the � rst threshold value. If the value of EI of each unre� ned cell
is larger than the � rst threshold value C1*EIave, the new node will
be placed at the midpoint of each edge of quadrilateral/triangular
cell or the center of quadrilateralcell.7 After � nishing the � rst-level
re� nement, the properties at all added new cells are interpolated
from those at the initial grid. Continuing the second-levelmesh re-
� nement, the value of EI for each cell on the intermediate mesh
and the corresponding second threshold value C2*EIave are com-
puted. It is not necessary to perform any Euler iteration between
level 1 and level 2 re� nements. Normally, the value of constant C2

is about two or three times bigger than that of constant C1 , and
the value of constant C1 ranges from 0.2 to 0.6. In the present cal-
culation C1 and C2 are chosen as 0.4 and 1.0, respectively. Then
the intermediate mesh is re� ned by reprocessing the � rst-level re-
� nement technique. Because Webster et al.6 mentioned that the
mesh coarsening accounted for the majority of CPU cost during
adaptation, the mesh coarsening procedure is not processed in this
article.

Results and Discussion
The supersonic � ow over a backward-facing step is investigated

using the present solution algorithm. Geometric con� guration and
� ow� eld conditions are the same as those in the experiment.2 In-
let Mach number, freestream temperature, freestream pressure, and
velocity are set to 2.0, 167 K, 34.8 KPa, and 520 m/s, respectively.
The averaged stagnation temperature and stagnation pressure mea-
sured in the experiment2 were 310 K and 273 Kpa, respectively.
The step height in the experiment was equal to 3.18 mm, whereas
the width downstream of the backward-facing step was equal to
20.12 mm. The Mach 2 inlet � ow expands through the centered
Prandtl–Meyer expansion wave. A recirculation zone, which is es-
sentially the backstep corner vortex, is formed behind the step and
below the upper wall. Then the � ow is turned back parallel to the
upper wall and compressed through an oblique shock wave. The
initial mesh shown in Fig. 1 incorporates the quadrilateralsand tri-
angles, where the triangles are generated by the global remeshing
algorithm.5 This initial mesh may look like the multiblockgrid with
front quadrilaterals, intermediate triangles, and rear quadrilaterals,
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Fig. 1 Initial mesh of the supersonic � ow over a backward-facing step
(1746 cells).

Fig. 2 Adaptive mesh obtained using j r j as the error indicator
(13118 cells).

in which two interfaces are encountered.Actually, the initial mesh
is totally treated as a single unstructured mesh, and interfaces are
removed. To promote the � ow� eld resolution, three error indicators

½ , M , and ! are carried out to re� ne the initial mesh re-
spectively.The correspondingre� ned meshes are plotted in Figs. 2–

4. Considering ½ as an error indicator (see Fig. 2), the capability
of capturing the structure of expansion wave and oblique shock
wave is con� rmed. However, it is unable to re� ne the backstep cor-
ner vortex. As for the re� ned mesh (see Fig. 3) obtainedusing M
as the error indicator, high-resolutionalmesh is found inside the re-
circulation zone. The resolution is fair for the oblique shock wave,
whereas it is poor for the expansion fan. Considering ! as an
error indicator (see Fig. 4), the capability of capturing the backstep
corner vortex is demonstrated. However, it is unable to capture the
structure of expansion wave and oblique shock wave. To incorpo-
rate the advantages and avoid the disadvantages of the preceding
three error indicators, a modi� ed error indicator EI in Eq. (1) is de-
veloped in this work. From the re� ned mesh (see Fig. 5) obtained
using this modi� ed error indicator, the structure of backstep corner
vortex, expansion wave, and oblique shock wave is clearly indi-
cated. After achieving the steady solution on the re� ned mesh, the
pressure contour is plotted in Fig. 6. To assess the accuracy of the
present calculation, the pressure contour (see Fig. 6) is compared

Fig. 3 Adaptive mesh obtained using j r M j as the error indicator
(9459 cells).

Fig. 4 Adaptivemesh obtainedusing j r j as the error indicator(6688
cells).

Fig. 5 Adaptive mesh obtained using the modi� ed error indicator de-
veloped in the present paper (10781 cells).
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Fig. 6 Pressure contour obtained on the adaptive mesh Fig. 5.

Fig. 7 Pressure contour obtained in the experiment.2

to thatobtainedin theexperiment2 (see Fig. 7). Basedon thecompar-
ison, it is indicated that the present result can accurately capture the
structureofPrandtl–Meyerexpansionwaveandobliqueshockwave.

Conclusion
In the present work a solution-adaptivesolver is presented to in-

vestigate the supersonic� ow over a backward-facingstep on mixed
quadrilateral-triangular mesh. This solver incorporates the locally
implicit scheme, two-level re� nement procedure,and a modi� ed er-
ror indicator. In a Cartesian coordinate system the Euler equations
are solved. Based on the comparison of adaptive meshes obtained
using four differenterror indicators,the modi� ed error indicatorcan
incorporatethe advantagesand avoid the disadvantagesof the other
three error indicators,which are ½ , M , and ! . According
to the adaptivemesh obtainedusing the modi� ed error indicator, the
structure of backstep corner vortex, expansion wave, and oblique
shock wave is distinctly captured.
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Effect of Reynolds Number on
Pitot-Pressure Distributions in

Underexpanded Supersonic Freejets
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Nomenclature
D = nozzle-exit diameter
emean = time-averaged output voltage of a hot-wire probe
erms = root-mean-squaredoutput voltage of a hot-wire probe
p = pressure
pi = pitot pressure
Red = Reynolds number based on the nozzle-exit condition
r = radial distance from jet centerline
rm = Mach disk radius
x = axial distance from nozzle exit
xm = Mach disk location

Subscripts

b = ambient condition
01 = plenum chamber condition
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